Under icing conditions, it is necessary to heat and control the temperature of the airfoil surface at leading edge region to prevent ice formation. The thermal anti-ice system balances mainly the evaporative cooling effects, which are caused by the coupled heat and mass convection transfer, imposed by the air flow loaded with supercooled water droplets and the runback water flow around the airfoil. The most difficult and important parameter for accurate estimation of airfoil surface temperatures and water runback mass flow rates is the local convective heat transfer coefficient. This paper presents an integral analysis of momentum and thermal boundary-layers applied to heated airfoils operating in icing conditions. The objectives are to implement two different mathematical models, assess the effects of the model assumptions on the results accuracy and compare the numerical results obtained with reliable experimental data. One boundary-layer model assumes isothermal and non-permeable surface with presence of a abrupt laminar-turbulent transition. These are common assumptions adopted by previous workers. The other model, proposed by present authors in previous works, considers the boundary-layers over a non-isothermal and permeable surface with a smooth laminar-turbulent transition region. The onset and length of laminar-turbulent transition may be estimated by classic empirical correlations or just imposed. All numerical results are compared with classic and recent experimental data of two different thermal anti-iced airfoils operating in icing tunnel.
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I. Introduction
T he coupled convection heat and mass transfer from the heated airfoil surface to the icing environment mostly defines the thermal demand of a steady state anti-ice system operation. As observed by the present authors, [1] [2] [3] [4] [5] an accurate prediction of the momentum and thermal boundary-layers combined with a estimation of surface wetness factor decrease the deviation between numerical results and experimental data for temperatures and runback mass flow rate in wet, evaporative and full evaporative operational regimes.
Previous works pointed out the importance of the convective heat transfer coefficient h air estimation in both airfoil ice shape prediction 6, 7 and airfoil thermal ice protection system design. 1, [8] [9] [10] [11] The h air coefficient affects significantly the overall heat transfer because the airfoil surface temperatures T wall are maintained above the local recovery temperature T rec . In such condition, far from thermal equilibrium with surrounding air stream, the temperature difference ∆T air magnitude makes the overall heat transfer rate sensitive to h air coefficient variations. The effects are even more considerable because evaporated mass flux depends on h air through heat and mass analogy. In the wetted regions, there is an enhancement of heat transfer caused by evaporation enthalpy flux from runback water to surroundings. The mass transfer rate is also function on airfoil surface temperature and local pressure distributions. In addition, depending on T wall levels, the water evaporation flux may thicken the thermal boundary layer and, in turn, decrease the h air value. Therefore, the h air distribution prediction is critical to an adequate the coupled heat and mass transfer estimation.
Most works found in the bibliographic research deals with boundary layer integral analysis applied to icing airfoils. 6, [12] [13] [14] [15] [16] These papers use mathematical models that assumes laminar and turbulent flows over isothermal, fully rough icing surface with moderate pressure gradient and no evaporation effects on boundarylayer growth rate. The laminar-turbulent transition is considered to occur abruptly, i.e., the flows goes from fully laminar to fully turbulent at the onset position. The classic icing codes LEWICE, 13 6, 15 to rotorcraft ice protection systems. The authors obtained overestimated results due to rough surface assumption in h air,turb evaluation. Therefore, they recommended more research in order to find more refined procedures for external heat transfer calculation.
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Other authors present the use of boundary-layer differential analysis to solve the heat mass convection over smooth and non-isothermal surfaces with a laminar-turbulent transition model based on intermittency concept. Cebeci modified his two-dimensional finite differences code 22 to simulate flow on airfoils with environmentally rough and iced surface. 23, 24 Later, Fortified/LEWICE code version incorporated these techniques. 25, 26 Henri 27 used a two-dimensional finite difference code to evaluate heat transfer in ice protection transient operation. In the same direction, Morency, Tezok and Paraschivoiu 28 published the CANICE FD version that evaluates h air distribution with Cebeci code. 22 Croce, Beaugendre and Habashi 29 developed a conduction and convection heat transfer estimation by using finite element method.
II. Objective
This paper presents an momentum and thermal boundary-layers mathematical integral models for convection evaluation. The objectives are to implement, compare numerical results and verify accuracy of two different models: 1) classic, which assumes flow over an isothermal and non-permeable surface with presence of a abrupt laminar-turbulent transition; 2) present, which assumes flow over a non-isothermal and permeable surface with a smooth laminar-turbulent transition region based on intermittency function.
III. Airfoil Anti-ice Mathematical Model
The present paper uses the anti-ice thermal model developed by Silva, Silvares and Zerbini, 4, 5 whom briefly described the mathematical model, presented some numerical code results and compared with experimental data as well as other codes results. The anti-ice system operation simulation applies the First Law of Thermodynamics to liquid water flow and solid airfoil surface together the Conservation of Mass and Momentum to liquid water flow. The wetness factor estimation, by water film breakdown and rivulets formation, was based in other work 3 plus the assumption of constant rivulets spacing. The anti-ice simulation problem requires solution of : 1) velocity and pressure fields around the airfoil; 2) droplet trajectories; 3) momentum and thermal boundary layers to obtain the coupled heat and mass transfer over the airfoil solid surface and liquid water flow; 4) First Law of Thermodynamics to the liquid water and airfoil solid surface plus the Conservation of Mass and Momentum to the liquid water flow (film and rivulets) over the airfoil. Both flow field around airfoil and local collection efficiency data were provided by external numerical codes (1 and 2). The momentum and thermal boundary-layer are evaluated (3) in order to estimate the heat and mass transfer around airfoil over non-isothermal and transpired surfaces with a smooth laminar-turbulent transition occurrence. 4 With data from previous steps (1, 2, 3), the anti-ice mathematical model (4) is able to predict operational parameters like solid surface temperatures, runback mass flow rate and convection heat transfer coefficient distributions along the airfoil solid surface. The anti-ice thermal (4) model and boundary-layer (3) integral analysis have been developed since works of.
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The present paper presents modeling strategies for the thermal boundary-layer (3) only. The boundarylayer integral analysis described herein, non-isothermal with an intermittency-based transition, has been applied by present authors to airfoil [1] [2] [3] [4] [5] and turbofan engine inlet 31 thermal anti-ice numerical simulation.
IV. Heat Transfer around Thermally Protected Airfoils
The heat transfer around thermally protected airfoil operating under icing conditions is mainly affected by heat and mass convection mechanisms but also by conduction, surface wetness factor, runback water enthalpy flow and droplets impingement.
A. Momentum and Thermal Boundary-Layers
The evaluation of the convective heat transfer and friction coefficients distribution around the airfoil is performed by solving the the thermal and dynamic boundary layers equations in integral form at laminar and turbulent regimes. For the laminar to turbulent transition region, it is proposed a linear combination of turbulent and laminar results weighted by a exponential probability function.
In the present paper, both momentum and thermal boundary layer equations are simplified considering a steady state and one-dimensional flow with moderate pressure gradient over a smooth, nonisothermal and impermeable surface. These assumptions leads to Eqs. (6) and (13) . Note that evaporation mass flux is neglected in those equations, however, the effect of blowing in convective heat transfer is estimated, Eqs. (1) and (2), during calculation of water liquid film and airfoil solid surface temperatures. The solution of thermal boundary layer equation provides the value of St with no blowing in order to estimateṁ evap and B h so that the St * with blowing effect is calculated.
B. Mass Transfer Blowing Effect
The heat transfer driving force of convective evaporative cooling is defined by Spalding:
Then the effect of blowing on both laminar and turbulent convective heat transfer is accounted in thermal boundary-layer:
This is a coupled heat and mass transfer process where St * depends on B h , Eq. (2), that depends on botḣ m evap and St * , Eq. (1). The iterative calculation process only finishes when First Law of Thermodynamics is satisfied in each finite volume.
C. Water Film Breakdown and Rivulets Formation
From stagnation point to impingement region limits, the runback water is assumed to flow as a continuous film. Downstream the limits, a wetness factor is calculated by using a rivulets formation model 3 that adopts the Minimum Total Energy criteria. 33, 34 It proposes four equations to find the critical film thickness, the rivulets wetness factor F r , rivulet radius and center-to-center rivulets spacing: 1) conservation of mass in the transition between film and rivulets flow patterns in streamwise direction; 2) conservation of total energy from film to rivulet in streamwise direction; 3) rivulet total energy minimization; 4) geometrical relationships. Alike other wing anti-ice models, 10 the present model defines the overall wetness factor F as the ratio between wet and total area of finite volume:
where the wetness factor F r is defined as the ratio between the rivulet base width and the distance between two rivulets centers λ, F s is the ratio of streamwise wetted distance by the finite volume total distance; A total is the total finite volume area. Thus, F is used to multiply A total associated with water and air convective heat and mass transfer terms in First Law of Thermodynamics applied to both solid surface and runback water flow. The rivulet top curved area, as it is approximated by a segment of a cylinder, is also accounted by the model of Silva, Silvares and Zerbini.
D. Overall Heat Transfer Coefficient
The overall heat transfer coefficient U is defined to take into account the effects of convective heat transfer rate across solid-liquid and liquid-gas surfaces interfaces, runback water enthalpy net flux, water droplets impingement enthalpy and evaporation enthalpy:
V. Momentum Boundary-Layer
The solution of the momentum thickness integral equations provides the C f distribution around airfoil that is used in film and rivulet flow equations. It may be used also in the expressions to predict onset and extension of the laminar-turbulent transition. The boundary layer momentum equation can be conveniently expressed in a non-dimensional equation of momentum thickness 35 :
Based on Thwaites 36 approximation, Kays and Crawford 35 integrated the Eq. (6) in order to obtain the momentum thickness in laminar flow regime: 
The laminar friction coefficient C f,lam is evaluated in function of the pressure gradient parameter λ by the procedure developed by Cebeci and Bradshaw 22 :
where
For the present work, the integral equation of momentum thickness in turbulent regime, Eq. (6) 
With momentum thickness, Re δ 2,turb is obtained to allow evaluation of C f,turb y:
VI. Thermal Boundary-Layer
A. Non-isothermal Model
At stagnation point, the local convective heat transfer is most accurately estimated by Smith-Spalding approximation:
In order to evaluate the local convective heat transfer coefficient distribution downstream the stagnation point in upper and lower airfoil surfaces, it is convenient to represent the thermal boundary layer in a non-dimensional form of enthalpy thickness:
Ambrok 20 developed an original expression in order to evaluate laminar local convective heat transfer due to a flow over non-isothermal surfaces with moderate pressure gradient:
Equation (13) is simplified in order to give the laminar regime enthalpy thickness solution:
The local convective heat transfer in turbulent regime is evaluated by:
The turbulent enthalpy thickness is estimated by Ambrok 20 approximated solution:
B. Isothermal Model
Classic icing codes 16 use the integral analysis of Smith-Spalding 19 to evaluate heat transfer around isothermal icing airfoils in laminar regime. Flow over isothermal surfaces is an acceptable assumption for non-heated airfoils subjected to ice formation, since the exposed ice or airfoil surface equilibrium temperatures are approximately constant. In this model, the heat transfer coefficient h air,lam is estimated by evaluating the laminar conduction thickness ∆ 4,lam : 
The stagnation point heat transfer is provided by Eq. (12), which is an approximation of Eq. (18) for plane stagnation similar flow, u e = C · s. In turbulent regime, the classic icing codes evaluate the heat transfer coefficient by assuming flow over a fully rough surface and one of heat and momentum transfer analogies. As there is no ice on the airfoil when operating an anti-ice system, the present paper assumes flow over a smooth surface and the Colburn analogy to estimate:
Equation (11) provides C f value to replace in Eq. (19) . Within the laminar-turbulent transition region, the St number is estimated by:
VII. Laminar-Turbulent Transition
Similarly, the linear combination procedure is also applied to friction coefficient calculation C f , i.e., the St(s) is replaced by C f (s) in Eq. (20) . The turbulent flow probability γ(Re s ) is evaluated by:
Alike Narasimha, 38 the present paper assumes that the virtual origin of turbulent boundary coincides with the transition onset, where the turbulent spots start to appear. Thus, γ, δ 2,turb and ∆ 2,turb start to be different than zero at transition onset s tr . The virtual origin of boundary-layer occurs at same position of turbulent breakdown, where the turbulent spots starts to appear.
Onset and Extension Prediction
Abu-Ghannam and Shaw 39 developed empirical correlations to predict the beginning and the end of the transition region. The correlations are based in experimental data obtained in experiments with a smooth flat plate under various freestream velocity and turbulence level.
The transition onset position is given by the Eq. (22) .
where F (λ) is given by Eq. (23a) for λ < 0 and by Eq. (23b) for λ > 0:
The end of the transition region is also given by a correlation of the Re δ2 :
In order to be coherent with Reynolds, Kays and Kline 37 intermittency formulation and previous works, the present paper adopts the onset transition position as s tr = s m − 2 · σ and the end transition region position as s E = s m + 2 · σ.
B. Abrupt Model
As reported by Wright, Gent and Guffond 16 , the classic icing codes assume that the laminar-turbulent transition region has a very short length, i.e., the flow goes from laminar to turbulent regime almost instantaneously. However, Pimenta 40 as well as Bragg, Cumming and Henze 41 observed no evidences of abrupt transition occurence in flow over fully rough flat plates or airfoils. Stefanini et al. 7 demonstrated that transition parameters region variation, such as onset and length, affects ice shape significantly for the cases analyzed. Moreover, classic NACA research 8 and U.S. Air Force manual 9 concluded that laminar-turbulent transition is also important in thermal ice protection design. However, the assumption of an abrupt laminarturbulent transition is commonly adopted by aerospace engineers and researchers in anti-ice system numerical simulation.
In abrupt model, it is assumed that enthalpy thickness ∆ 2 is a continuous function at beginning of transition region location. Therefore, with value of Eq. (15) at transition onset and assumption of ∆ 2,tr = ∆ 2,lam = ∆ 2,turb . Due to same reason, δ 2,tr = δ 2,lam = δ 2,turb and the Eq. (7) provides the initial condition for the integral in Eq. (10) at transition onset position s tr .
VIII. Selected Experimental Cases
A. NACA Airfoil Anti-ice tests
Gelder and Lewis
8 conducted one of the first investigations of the heat transfer from airfoil in clear air and icing in closed circuit NACA Lewis icing tunnel. The tests used a 1.839 m span by 2.438 m chord NACA 65 2 -0016 airfoil that was adopted previous research 42 in ice protection flight experiments under similar electrical heating power distribution and icing conditions. The authors observed a forward movement of laminar-turbulent transition induced by water impingement and freestream turbulence level that was higher in tunnel than flight. Other important experimental evidence noticed was the heating and temperature distributions affects the measured convective heat transfer coefficient significantly. The present paper uses the NACA test case 8 under icing and clear air conditions. The liquid water content, LWC, median volumetric diameter along other icing tunnel and airfoil configuration are presented in Table 1 . 10 experimental data set are used herein: case 22A, that is an evaporative condition with runback ending upstream the impingement limits; and 67A, that is a partial evaporative case with more water running around leading edge. Table 1 presents the experimental conditions for both cases.
IX. Results
The mathematical models listed in Table 2 were implemented and incorporated in anti-ice numerical code of Silva, Silvares and Zerbini.
3, 4 The results of each model were compared with classic and recent The Colburn momentum and heat analogy model, which assumes flow over smooth surfaces, was chosen instead of the fully rough turbulent convective heat transfer coefficient. The later is used in classic icing codes and may lead to overestimation as observed by Gent, Dart and Cansdale 6 and present authors during research of Silva. 30 In all figures, the results of the present model with transition onset and extension predictions, provided by Abu-Ghannam and Shaw correlations, 39 is identified as present+AS. A freestream turbulence level of T u = 0.7% was adopted for all onset predictions. This is in agreement with recent measurements in NASA Icing Research Tunnel 43 for same LWC and MVD range used in present paper. Figure 1(a) shows that the airfoil surface temperature T wall distribution predicted by present model is closer to experimental data 10 than classic (isothermal plus abrupt transition) model, present with transition prediction as well as ANTICE code results. The main reason for the satisfactory accuracy obtained is that the both overall and convective heat transfer coefficient distributions are also closer to measurements, as shown in Fig. 2(a) and 1(b) . The transition region parameters were arbitrarily fixed and predicted at values presented in Table 3 . As done in previous works, 1-5 both s m and σ of present model were defined by minimizing deviation of numerical results to T wall and U measurements. This procedure has been adopted because the present authors did not find any procedure to estimate transition parameters in flow around ice protected airfoils under icing conditions. Then, the abrupt transition position used in classic model was set to same upper and lower side s m values than present model. Table 3 show that present+AS model predicted more downtream s m and smaller σ than fixed values used in present model. As the rivulets are not present in case 22A, the deviations suggests that AS correlations 39 may have limited applicability and did not find the best set of transition parameters for this case. The case 22A runback distributions presented approximately same trends for all models implemented in present paper, as shown in Fig. 2(b) . This may be caused by the small differences between the h air predicted by the models within the impingement region, where the liquid water film still exists. On the other hand, the differences are significant when comparing h air values along whole airfoil of present, present+AS and classic model presented in Fig. 2(a) . The greatest discrepancies are the sharp variation of h air at transition from laminar to turbulent regime and the insensitivity of h air to T wall streamwise variations in predictions of the classic model. Figure 3 presents the surface temperature and heat transfer coefficients distributions around airfoil leading edge region for case 67A of Al-Khalil et al. 10 data set. As in the case 22A, the present model presented lower deviation between numerical predictions and experimental data than classic model, present+AS and ANTICE code, which used the experimental heat transfer distribution to calculate the T wall and runback mass flux. As the surface temperatures were approximately constant, the main difference between models is observed at laminar-turbulent transition region. The approximately same laminar h air , which covers from stagnation to the end of runback flow, caused very similar runback distribution for present and classic models. The difference in surface temperatures start to be significant at transition onset position, which is close to the end of rivulets flow. However, the present+AS model had different temperature results but still close to experimental data than other models because it predicted an earlier and longer transition. Table 3 presents the transition parameters adopted and predicted in case 67A. Figure 4(b) show the runback flow predicted by present, present+AS and classic models. The main differences among them are located between transition onset and end of rivulets flow. In this case, as smoother (longer and earlier) the transition is, more downstream the runback ends.
The surface wetness factor for case 22A and 67A is presented in Figs. 5(a) and 5(b), respectively. The first has only runback flowing as a continuous film, since it ends before the impingement limits. According to models, the second presents both film, with F = 1, and rivulets flow patterns, which is indicated by F < 1 values. Table 3 shows the transition region parameters (s m and σ) for case 67A. The model present+AS predicted a more upstream s m and longer transition length 4 · σ than values fixed by adjustment of T wall and U with experimental data in present model. The classic model uses s m fixed in present model as the position for abrupt transition. 8 This data set has not been used by researchers of icing field since long time. The data present significant surface temperature variations due to asymmetrical and non-uniform electrical heating distribution. The predicted surface temperatures for icing and clear air tests, shown respectively in Figs. 6(a) and 8(a), present deviations in relation to experimental data probably due three main reasons: 1) the authors did not have heat flux gauges installed around airfoil and measured only the electrical power provided to the heaters, thus, the thermal losses were not determined experimentally; 2) the abrupt step in heating at s/c ≈ 0.3 caused a significant effect on experimental h air that can not be reproduced neither by non-isothermal nor isothermal models due to integral analysis intrinsic limitations; 3) temperature measurement errors in leading edge region as observed by the authors 8 during clear air flow around airfoil adiabatic surface tests. However, the predictions, mainly upstream s/c = 0.3, are considered to be acceptable for ice protection system engineering purposes. The h air predicted by present model agreed satisfactorily with experimental data. It matches test results better in icing, Fig. 6(b) , than in clear air Fig. 8(b) condition. The only points with significant deviations were at the region of the heating step (s/c ≈ 0.3), where the power density was suddenly increased by almost four times. Despite the disturtance of such magnitude, the present and present+AS models predicted h air distribution with same trend of experimental data, including a sharp but not too intense variation of h air at beginning of heating step. Both icing and clear air h air and heat power density distributions are shown in Fig. 9 . The runback flow and F distributions are presented in Fig. 7 . They have approximately same values because the runback flow is concentrated around a narrow region around leading edge where the h a ir and C f values are similar. Table 4 shows the the runback, impingement and ice protected area limits for Gelder and Lewis 8 condition 8. The numerical results of present model (with fixed transition), shown in Table 3 and Figures 6 and 8 , are in agreement with Gelder and Lewis 8 experimental observations: 1) the laminar-turbulent transition was triggered just downstream the stagnation; 2) the onset position in icing was located more upstream than clear air condition; 3) the extension of laminar-turbulent transition region has significant effects in both cases. The present+AS model predicted a laminar-turbulent transition with shorter extension and mean position more upstream than the present and classic models, which caused a significant deviation between the numerical results and experimental data. This fact is expected since semi-empirical models like AS correlations 39 were defined based on flow over isothermal, non-heated and smooth surfaces without droplets impingement, evaporation and runback water flow. The different disturbancies, which are found in flow around airfoils operating icing tunnels, may trigger different unstability mechanisms and cause the laminar-turbulent transition to follow other routes not comprised by the semi-empirical correlations. 
X. Conclusions
The heated airfoil operating under icing conditions has some important characteristics that differentiates the problem from the case of adiabatic airfoil subjected to ice growth. In presence of thermal ice protection, the boundary-layer flow over isothermal surfaces hypothesis assumed by most classic icing codes may not represent the operation adequately. The streamwise surface temperature gradient, water evaporation rate variation and the occurrence of transition, within the protected area, are effects that must be represented adequately by the mathematical models.
Prediction improvements were noticed at laminar-turbulent transition region, end of water flow positions, high streamwise temperature gradient regions, abrupt heating steps, end of thermally protected area and wet regions, where the airfoil surface is fully (continuous film) or partially (rivulets) covered by water flow. Particularly in wet cases, the present work concluded that laminar-transition transition occurrence is the A laminar-turbulent transition region may occur within the airfoil thermal protected region. Depending on the onset position and length of transition region, the laminar flow may cover a significant area when compared to fully turbulent flow area and vice-versa. The assumption of preponderance of one regime over another (only laminar or only turbulent approximation) will lead to a inadequate mean heat transfer coefficient prediction along the heated area. Moreover, an abrupt local heat transfer coefficient variation from laminar to turbulent value causes great impact in local parameters such as the surface temperature, evaporation mass flux distributions as well as the position where the liquid water disappears. In this case, a local parameter prediction is much more sensitive to transition occurrence than an integral parameter that is averaged over a surface.
Therefore, the history convective heat transfer coefficient is important to thermal ice protection simulation. Variations in flow parameters, surface thermo-mechanical disturbancies and transition occurrence may produce variations in heat transfer coefficient that will generate impacts on the temperature and runback local values around thermally protected aifoils.
It is recommended to be attentive when using classical semi-empirical criteria, such as the one analyzed herein, or other automated procedures to predict the onset and length of transition region. These procedures may have a limited validity range and, therefore, not be applicable to predict transition parameters of flows around heated airfoils under natural ice flight or icing tunnel conditions. Finally, the use of a classic experimental data set, which has not been used for numerical code validation purposes in recent literature, reaffirm the validity of those experiments, verify applicability of the present numerical tool and may demonstrate the robustness of the mathematical model to represent the physical phenomena. 
